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THE ORI3ITALMOTIONOF THE MA RTI AN
SATELLITES: AN APPLICATIONOF
ARTIFICIAL SATELLITE THEORY

Robert A, Jacobson!

This paper describes ou ester ded Sinclair-Morley analytical theory for
the Martian satollite. The thory’s foundation 1s theartificial satellite
theory of Brouwcr In tle pper we outhine the original theory, present our
modifications and addgiticun! 01 ns) and compare the theory with numerical
integration. We also provide o connparison with one of the other competing
dynamical Martizn sarctlize the nes) namscly the ESAPHO/ESADE theory
of Chapornt-"Touzd.

Introduction

The Martian satellites. Phc o o ol 1) mos, weore discovered in 1877 by Asaph 1lall. They
move in close, nearly circular orbits whi 1 are slightly inclined to the Mart ian equator.  Their
principal orbital perturbations arcoin t, r1 cnon-spherical nature of the Martian gravity field, but
they are also significantly aficeted by s olar perturbations. Planctary perturbations, however, are
negigible, and because of thoir sinalliniess thelrnitual perturbations are negligible as well. The
studies of their motions froni abservations t ave found evidence of a secular acceleration in Phobos’
orbit, and a similar acceleration in 1 4 no. o orh it s cuggeste d butinuch le s cert ain. Shar pless 19
determined suchy a large val uc for Phol o s Jeration that it implicd aniimpact with Mars within a
few tens of millions of years. Oncesp nisticn for the source of thatlarpe acceleration (atmospheric
drag onhollow bodies) led tothespeclztionthat the Mar tian satellites were in fact artificial bodies
(see Ref. 14). Perhaps it is therefone, pyaop nateto consider ennploying artilicial satellite theory to
deseribe their orbits,

Since the satellites’ discoveryanmbe of analytical theories hiave been developed to represent
their orbital motions. These carly thinrivy e kincmaticalin nature desipned primarily to provide
positions for astronomical observation 11172 a dynannical th cory created by Sinclair!® appeared.
This work was inspired by theartifii |+t lite theors of Brouwer” alt hough Sinclair’s variation of
paraincters approach more closely 1o 1 chend Kozai’s approach™ ™ pather than that of Brouwer who
favored the von Zeipeltech nicjue. Artlicial s ellite theory has the arth’s (planet’s) equator as its
reference plane. However, when t he M oran quator s usedd for the Martian satellites, large periodic
perturbations due to the Sun @PItarnthe snclinations arid nodes, cspecially for Detmos. Stuclair
found that by modifying the theory o et ring the elements to the Laplacian planes™ | those
perturbations could be avoide-i 1 he . (c11ite crbits precess alimost uniformily on the Laplacian plancs
because the latter aredefinedsuchibatiey 1iodicper turbations due to the Martian oblatencss and
Sun just cancel each other. Jncluded 1o thd theory is a seeulan acccdderation terin in the satellites’
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longitudes to account for the posa Liht of & Ganpe in thelr mcan motions. The small observed
acceleration for Pliobos is cutyenthystiibmid 1,0 thepravitational attraction Of the tidal bulge

raised by it on Mars. No statistically ~it i1 liciit aceclerition has yet been observed for Deimos.

Sinclair’s original theory was sullicionty accurate to process Barthbased observations, but

when observations with an accuracy of - oorly 2 kin became available fromn spacecraft, an improve-
16

1

ment was needed. Sinclair’® expanded e the ny to tndude a few more ters, especially an over-
looked long period term in the loneituds o Doios peinted ovt by Born and Duxbury? and scecond
order terms in the longitude of Phobos forne by Chapornt-Touzé?. At this point the theory was
presuined accurate to better than 1 koo Moy o' than extended Smelair’s work by increasing the
accuracy of the existing terms descbar e the wocular and periadic perturbations and by adding a
nummber of previously omitted sinallar 1w, e also ineluded terms to account for perturbations
due to the tesseral harmonics of the Mo« prav ity field and short period solar perturbations as well
as additional second order eflects in the long i de. Based ona companson with a 60 day munerical
integration, Morley estimated his vorsion of th theory to be accurate to better than 100 .

We have adopted the Sinclait Mcloy t1ory as the basis for Maartian satellite ephemerides
being developed in support of J P11« M 1 ploration Program.  Phe theory’s accuracy is more
th an sufficieut for currently projuctod spa ot opetations needs. Moreover, its fully analytical
nature permits modifications an d updat o o el of future observations ancl improvements in the
Martian gravity ficld paramneters. As par of the i a1 venification of t heory, we cornpared our
nnplementation to a 60 day numeriva i prafl 1 and {ound, as did Morley, anaccuracy better thian
100 meters. We then extended thecomparing 1o 20 years for Phobos and 1S() years for Detmos. The
former comparison covered a tnnc spau about 1 8 times the Jongest period in the Phobos theory,
and the latter covered about 1 5, hedogest poniod in Deimos theory. These long period
compansons suggested that the theoric . worcood to only 300 meters for Phobos and 900 meters
for Deimos. Although these accurac iy, . e b han adequate for our current purpose, we made
anattempt to rcc.over the 100 micteiacovayhamodifying the theary,

This paper deseribes our extcndiad =, b Morley thicary for the Martian satellites. It outlines
the original theory, presents the maodific i ions nd additional tetmns, and conpares the theory with
numner jcal integration. We also provids comparison w ith one of the other competing dynam ical
Martian satellite theories, namncly t he LS A PRG/ESAD theory ™™,

Sinclair-Morley Thcory

Thie orbits of the satellites an sp-clicd in terms o f thelt osc ulating elements. Originally
Sinclair and Morley used a scl of cqunin: | clnents defined by:
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where a,¢,20, A, 1, are the classical elon o ts -Gz Jor axis, eccentiicity, longitude of periapsis,
mean longitude, inclination, and longitnd - of o rending node, 1espeetively, Our implementation of
the theory is in terms of the 1nore familic: (B ke) cquinoctial eleinents:
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The relationship between the two sos of Cinoctal elanents is straightforward. Iquinoctial ele-
ments are preferred over the claseicn Lepl nan elements becanse the sinall eceentricities and incli-
nations of the orbits cause the loran ool tae node and pericenter to he poorly defined and diflicnlt
to deterimine from observations

The orbit of each satelliterr foro o il to its Laplacian plane, the planie on which the orbit
plane precesses alinost uniforinly 11 chol |, of this plane i trod nees a large periodic variation into
satellite’s inclinat jon aud nodal lonpiv icdue to Mary® oblatenews which just can eels an anal ogous
variation due to the Sun. The Lapls o p anes share a conunonnode with the Mars equator and
Mars orbital plane and precess alon it 1 he equator under t heaction of the Sun. Hence, tile
theory is actually developed in o 1ot ynp oordmate systens, T'he geometry of the various planes
is shown in Figure 1. The addition +1anele appearmy in thatfigure are: ¢, €, the inclination and
node of the Mars orbit with yospeciictheechiptic; i the inclination of the Mars equator to the
Laplacian plane; I/, the inclivation ol the M os o1bit o the Laplacan plane; @, the obliquity of the
Mars equator; 1' theascending node f the Mars cquitor on the Mars orbital planc; ¢ the location
of the Mars prime meridianmcaserciion the asoending nodeo [ the Mars equator onthe Mars
orbit. The latter two angles arcassuncito vary hneatly with thine (7= Pt Pland ¢ = ¢o - ¢1)
due to the precession of the cquurar rsbrcration of the planct. ‘1 heinelinations to the Laplacian
planc are related by Q@ = 1’ i.

Thie theory is essentially an audy ol variation of parametors solution for the equations of
wotion in terins of the classicad el craer =< fsc ( Rel.3) with perturbations due to the asphericity of the
Martian gravity field, the Sur’spiavits sndthe precession of the Mars cqu ator. Pert urbations from
the other planets and from inferac o be ween the satellites are negligible. The expresstons for
the classical element variations arceor thine ¢ 1o obtainthosefor the equinoctial eletents. Sinclair?®
and Morley?!? provide the detail of 1} e vo ' pmen

The base orbits or zero order solution of the cquations inclode only the effects of the sccular
perturbations. Consequently, thieo cloments are constant and threo vary with time, ¢
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where an element with zero subsiip t1ste heepoch value (i.e., «tf : (1). The mncan longitude
expression includes a quadratic tc ¢ (ot o uut for the observed seeul ar acecleration of Phobos
currently attributed to tidal forces 1 biparanter 2/ is the mcan motion of Mars and the paramncter
1o 1s the satellite’s Keplerian micion 1ot ion w hith ss 1e & ¢ ~1 to thesemi-tiajor axis through the
gravitational parameter of Mars p

niad =



Hence, there are only 6 independent cpoel eley ents. The Appendix provides the complete expres
sions for secular perturbations, a, /4 an’

Satellite Orbit
Mars Equator

pericenter

Laplacion Plane

Mors Orbit

Ecliptic Plane

Earth Eauoto
Figure 10 Sa-o1hte Orbital Plane Geomnetry
The inclination of the Laplac s imne o the Martian equator is computed by setting the

largest first order periodic perturbation i the  dtellite i hnation to zero. This process leads to the
relation

Asin 24 = Bsin ?(Q - 1)

Sinclair’® gives expressions for A and 500 o cension of those expressions is
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where
Po 2 o (1 - cf)
Jo, Jg = second and fourth zonul hen o o of theMartian gravity ficld
I = equatorial radius of Mars
T4 = gravitational pa raineler of 1h S
3 seini-major axis of the Mg arbi
¢’ ~  cccenlricily of the Mars orl i

We determine the epoch viddues of “lhic cqimoctial elements by fitting the computed orbits to
observations. In practice, however, it 1= ek b tler to estinate the oibit’s ‘observed” mean motion
it rather than its semi-major axis ¢ @id +hen oompute the latter together with the Keplerian mecan




motion ng from the implicit relation:

Nt N (] - a)
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The paraneter « is a function of 4. ¢/, g, and 10 Siwee the inelination 7 is also a function of

agp, €p, and ng, it is found from
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as an intermediate step in the o, con putation. A straightforward Newton iteration scheme suflices
to obtain ay given 7, eg, and Jq.

The first order solution or perinrhed arbit follows from the standard variation of parameters
by substituting the zero ordes solutior into the equations of Tootion and integrating. Morley!? found
that some second order solution tey ns {3 the mcan lonpitude were also needed for an accurate
description of the orbit. With one ¢ oo pti g the sccond order eflects arise from an interaction of
the zero order secular perturbation with {1af order fong period perturbations in eccentricity and
inclination. The exception applic- t¢ i s where @ larpe first order long period perturbation i
mean longitude interacts with the bt ponod Jy o perturbation. We have found it necessary to
imclude an additional long period se ood crder tern in the both the inclination and node. The
development of this term s discusscd Jever 10 this paper,

Although the perturbed solution i dov loped in tenms of classical elemnents, for computational
purposes, as indicated carlier, we trar slonn o0 into equinoctial elemnents, The final theory describing
the osculating elements has the farm
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where the Ay, = 1...6 are the fivs ocder pertinbations and ALJ5, 1+ 4...6 are the second
order perturbations. The Appendix contzin complete expressions for the secular perturbations and
expressions for all of the terms we intr wdnce ] to extend the theory Morley! provides the remainder
of the terms (which are easily convert-d 1o vur fornof the eguinoctial elements).

Comparison with Numecrical Integration

Sinel air desig ned his originalih ot account forall perturhations with effects larger than 1
part in10% or about 1k for Pholce ni2 ki for 1 deimos. His later work sought to have sub-km
accuracy, audwhenhecomparc. it v ith & 000 day namerica | integration, e found agreement to
about 320 meters for Phobos and 820 w0 tor for Deinwos. Maorley’s extension atlempted to bring in
all teris with magnitudes greater thay *, “iters for eithier satellite. His comparison with a 60 day
numecrical integration showed auzczwv o sbout 100 meters, howe ver, he acknowledged that this
comparison interval was too shorttor v sl he eflects of the long period terms.

Ior Phobos the longest peiiod atuchations, which arc ductothe Sun, have a period of thie
order of 4070 days (11 years), audior) ¢ thedominantpertorhation is a combined Jz and solar



effect with a period of about | 9,920 dive (I .hyears). Inorder to examine the theory accuracy
with respect to these lorig periodtcrine voennleacomparisonwithintegrations of 7300 days (20
years) for Phobos and 29,220 days (80 v for Deimos. Initially we fit the integrated orbits to
the theories, thus providing inte gratcd o hats Living osculating clein ents representative of the actual
satcllite orbi ts. The integrations woern pytarh d by a full 8 by 4 Martian gravity ficld (8 zonal and
4 tesscral harmonics), by Jupiter, aval Ly the 5o, Next, with the integrated orbits held fixed, we
adjusted th e epochi €l en ent s of the thedics tounprove the mateh between integration and theory.
Figurcs 2-7 show the diflerences juvhe locat dosntrad, radial, and out of the orbit plaue directions.
For bothsatellites the maxinmn crionuthedwntracl directionis of the order of 300 ncters, radial
crrors arc mthe 100 to 200 mcterrange wacthe Phobos out of plane error, hut the Deimos out of
planc error is nearly I km.

A s it stands the long perind coour e is pproximately that of Sinelair’s final design. To reach
Morley)s desired accuracy goalthe Phoc thory requires neatly o factor of 3 improvement and
thatof Deimos requires necarlyanarderof i mtude nnprovenment.

IExtended Theory

In our examination of the theony, we vor stoded thiat ach of the aceuracy could be recovered
with improvemnents in the seculir pertnrsanior -0 To thar end we introduced more complete expres-
sions for the existing terms, replaced the 72 ter nowith that of Kimoshita®, and added the third order
Ji/Jo, I3, and Jadg terms from Kincsehi (2™ Tables 1 and 2 show the contributions of the various
terins to the overall secular perturbations. Note that for Phobos, the J2/Js tern exceeds that of
the precession, and the JzJg ternis con parab o 1o it Also, with the exception of Phobos J3 teru,
the added third order terinsarclargathathe ‘g which s the stnallest ter m considered by Morley.

Tahle 1
1'110}10S SECULAR PERTURBATION - deg/day

Source Mean longitude Peqiveats Node

Jo 0.86'/9784316 0.4 340, ithy (0.134211539 58
Ja 0.001 120222-/  0.00i0: npsns -0.0001215082
J? 0.0008351762  0.000 5 163~ -0.0004177346
Sun -0.0001796583 ¢, 00(11: 1¢™122 - 0.0003:318003
Je -0.0000534092 -H.00003 3% 0.0000501138
J3/Js -0.0000000050 0 (O IC i ix 010100 '/136(1S
Precession 0.0000052168 00000y 162 0.0000062168
Jadyq 0.0000030198 .00 32 155 -0.0000028727
Jg 0.0000007262 0.0000 14523 -0.0000014523
J3 0.0000009000 QL sy 0.0000004821
1 ola | 0.8697106207  [14sh7800048 -0 4808057763

Since they were readily aviilablo v ¢ sls wdded the Jy penodic perturbations from Brouwer?
which introduce about a 30 metiieficabrPhbos. To forther improve the Deimos downtrack, we
replaced the original long period mcay 1oy o icperturbi tion doe to J, and the Sun with a more
complete expression. Finally to iprove the Danmos out of plane, we included some neglected long
period solar perturbation terms which lit. 1o of upto 7200 meters, introduced a more complete
expression for the Laplacian plane tuclinmca s v added a 100 meter second order term to both the
inclination and node. The new cxprcs wiGs an badditional tenms arc piven in the Appendix. The
Laplacian plane inclination exprossion appearcdm an ca ther seclio n.




The additional second order 1w e frorn inderactions of first order short period pertur-
bations with the first order short perisd poy-ithations u eccentricity and periapsis longitude due to

J2. The short period terms ratisfies ¢ yuintic i of the form

1]
f(l't- ~ mgcoslsmQecos{A- ©)
d(Slll 116;"2'] coslecos (A )

Because of the small eccentrioity of [) itn
cont ribution. However, as a1 esult of 11

the abowve have a negligible first order short period
4o perturbation we have

3 Jo 1t?

ccos(A- w) ~ -5
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which when introd uced into theabiow . sields
dl 3 Joli? 4
- ~  =ng—", - cos{sin{?
dt 2 ai
as) 3 Jol? cos 2]
- ~ o amp=l e 052
d! 2 a; sinl

leading to a loug period second order tein,

Table 2

DEIMOS SECULAR PERTULBATIONS .

% 7/
dep/day

Source Mean longitude Peicnte Node

Jy 0.0350037327 0,014 0:06 -0.0175226848
Sun -0.00072' (2s(1s  0.0C i iH 68 -0.0005457846
J4q 0.00000'7191s G0 1118 -0.(111000°(2142
Precession 0.0000052 )4 1 00000y ) 0.(122 00052541
J? 0.00000537¢3 0. 00H(ETHH  0.00000269272
Jo -0.0000000[)5(0 0.0 10 1t =wh  0.0000000826
J2/Js -0.00000000(12 11 OC0I01T0  0.0000000473
JoJa 0.0000000031 @ OO0 13 (.0 100000024
J3 0.0000000009 @ 0G00I 0.0000000005
Js 0.00000000(1 1 @ @¢ 0202 - 0.0000000007
Total 0.0342942?(0 @OI=0h856 0.0180730896

To test the extended theory, V', it 1 to the sune integration as the origi nal. Figures 8-13
shiow the differences in thie Jocal o ovvnan bradial, and out of the orbit plane directions. Yor Phobos
there is considerable imnprovementwi b the maxivaan erronin the downtrack direction of the order
of 150 meters and the radial andounto!plancerrors less than 100 meters. On the other hand, for
Deimos the out of planc error is reduea to bout 508 meters but the downtrack and radial errors
remain essentially unchanged

Because of the hmportance ol 1 i s en cperturbationsinthe Jong terinmotion of thie satellites,
we auguiuented the extended theory w i cmpirical corrections to thopericenter and node rates.
These corrections are designed (o o oot {c tmaccuracies inthcanalytical expressions for the rates,
and their values will be ultimately b i wded from observations. As part of our testing of the
theory, we decided to includethesc or oo ons inanother fit (o the integration. In addition, we
included an adjustment to the auple () thobliquity of the Mars equator, to allow for a possible
mismatch between the theory andint gratin Table § provides the vatues of therate arid equator
corrections. Pigures 14-19 display 1, 1es lts of theexercise.  Note that the Phobos downtrack
error has dropped below the 100 nce o 1 osuggesting that further refinetnent of the analytical



expression for pericenter rate may be all ot e regquired (o achieve that level without the empirical
correction. The Deimos out of plane ciro- Lios cropped to about 200 micters as a consequence of the
node rate and @ corrections. However, the () orrection is detrimental to the Phobos out of plane
error, increasing it to slightly more than 100 nters,

The Deitnos downtrack e (i tops pove |ondy slightly

W ¢ believe that the Q correc tion . notvalid e the location of the Mars egnator in the
theory is correct, andthat the nuonpiob e wdning with the theory is suinadequale description
of the Deimos out of plane motion. Al s o ,late hasfound neithicrerrors in the implementation
nor omitted but significant first ordc i t¢ 1+ iny inprovernent wonld appear then to require the
development of additional second ordcite s W also conjecture thatmuch o f the PCIIléliIIiIIg Deiuos
downtrack error is a byproduct of theoutolplincerior 1 hedowntrackmotion is dominated by the
long period m ean longitude Jy solar pabvirhaticn which is a strong function of the inclination, node,
and node raie. Any inaccuracics in t bey ,111:-, | those paramcters as ayesult of the incomplete out
of plane motion description would dire tv <l | the downtrack ciron

Table
SECULARPYERTURBATION AX 1} 10U TOR CORRECTIONS

Parameter Value U
Phobos pericenter rate  0.00000240%0  dee “day
Phobos node rate 0.00000267% ni dee “day
Deimos pericenter rate -0.000027 8007 deg/dlay
Deimos node rate 0.000000001:  deg “day
Mars obliquity 0. 0006266077 deg

Comparison with KSAPIIO/1ISADE

To support processing of scicntilicdata homthe Soviet 1°110110S” rnission to Marsin early
1989, Chapornt-Touzé? develop ¢ the | 54 Pl ysemni avalytical theory for th ¢ motion of Phobos.
This theory was later improved and thenostn ledto 1)eimos (1SADINS. The goal for the inter-
nal precision of theory was afewinetorzovg 20 year period, but for practical matters the form
in gencral release was truncated at (he 50 1222 crlevel. Because of its senn-analytical nature, the
ESAPIIO/ESADY theory is notsuiinbldlaotueeds (i c., the theory’s numerical cocflicients need
to be regenerated when changes e o Uie orbital ordynaunicparameters). However, as it
provides an alternate representat won of t acsat Hite orbits, wetestedthe extended Sirle.lair-Morley
theory by fitting it to KSAPHO/VESA T wveri 100 year interv al. We were careful to mateh the Mar-
tian gravity fields and equator orientatios ¢ wsely ac possible in both models (FSAPIHIO/ESADY
employs aninth order field arid accountisior thnutation of the Martian equator). Also w e included
the secular accelerations as they arcintiontnethe FSAPHO/ESADE theory, We did, however,
suppress the perturbation due ¢, Phobe, *o ligu-cin BSATPHO® becanse it is not currently included
in the extended Sinclair-Morley  (thamgsintu o of this perturbation is quite uncertain but could
approach several hundred mncters).

Figures 20-25 provide theresultsc anrii For Phobos thercis agreement in the range of 200
meters. The long period difference dn il dov wrack is due 1o the mteraction with Delros which
Sinclair-Morley ignores. Weattributet]s ot b interninc diate period differences to the presence in
FSAPHO of additional ignored perturhanans - g, the higher order Mars gravity field harmonics).
For Deimos the differenices approach 1} des ntrack and 4 ki out of plane. Apparently the am-
plitude of the long period longitude pernrhant on differs between th ¢ two theories, and significant



differences exist in the modellimg of the hnchnation and node perturbations. These three perturba-
tions are primarily due to solar eflecis Becaise the agrecment with numerical integration (which has
‘exact’ solar modelling) is about 500 cter 1 suspect that the dificrences between Sinclair-Morley
and ESADE may in fact be duce to o srable o in ESADE, The fatter has not been verified by a long
term integration. Moreover, the yefeen oo lane in FSAPHO/ESADE is the Mars equator of date
rather than the Laplacian plane. Coneguer tly, large long period inclination and node perturbations
are present and must be property tak-noine account.

Conclusions

In this paper we describoed an xiennic I Sinclair-Morley analytical theory which will be the
model for Martian satellite ecphicinand. . dovdoped ar 1171, We outlined the original theory, presented
our modifications and addit bmalterns an compared the theory with bot h numerical integration
and the 15 SAPHO/ESADI & theory of Cuagsint-"Toart For Phobos it appears tha t the modelling
accuracy approaches 200 meters th etutmcaddition of periodic perturbations due to Deimos and
Phobos’ figure will fmprove tha taceracy TorDeimosthemodelling accuracy is abit uncertain
but is probably at the 1 knilesel Ay impsrovement will have to concentrate on a belter charac-
terization of the long pe riod solarpo il tion as it afleets Delinos™ 1niea nlongitude, inclination,
and ascending node. Imany cvent, thicnrrestimplernen tation of the th cory is more than adequate
for the developement of epheineride. wlic I anrepresent the truesatelbte orbits with accuracies of
only a few tens of ki because of ohscvatici I lmianons.

Appendix. Perturbations

Nomenclature

Quantitics appearing in the cquation- v-hich follow, but which have not been defined in the text,
are:

Jr = the K’th zonal harmonic of tho Martian gravity ficld

noo= V/1-¢

1" = the mcananomaly ol blat:

¢ = theargument of periapsic |, f b Martian orbit measured from the intersection of the

Martian orbital plane and Moy equator

Secular Perturbations
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